Abstract The equations of a slighty compressible uid have been introduced to approach, when the parameter of compressibility " is small, the incompressible Navier-Stokes equations. The object of this article is to prove the existence of exponential attractors in the 2D case for this partially dissipative system : The equations of a slighty compressible uid. Furhemore, we establish an upper-bound of the fractal dimension of the exponential atractors described by the variable (u " ; p "p " ); u " being the velocity and p " the pressure. Furthemore, a lower-semicontinuity result of these exponential attractors to the one of incompressible Navier-Stokes equations is obtained. These properties are linked to the existence of uniform absorbing sets with respect to " for " " 0 in the variable (u " ; p "p " ) (" 0 xed).
Introduction
The notion of exponential attractor (also called inertial sets) have been introduced by A. Eden, C. Foias, B. Nicolaenko and R. Temam, in order to describe more precisely as a global attractor, the asymptotic behaviour of solutions. The existence of such sets have been obtained for various systems of partial di erential equations as, reaction di usion systems (fully dissipative), in the case of unbounded domains 1], for the Navier-Stokes equations 6], 5], for semilinear wave equations with damping 7] , for the gas dynamics problem 8] and for a convection di usion partially dissipative system in porous media 10]. A part of these results and the theory of exponential attractors for dissipative evolution equations have been gathered and developped in the book 6]. The exponential attractors contain the global attractor, have a nite fractal dimension and attract the whole trajectories stemmed from bounded sets with a uniform exponential rate. They are intermediate objects between the global attractors and the inertial manifolds which all, describe the long time behaviour of a dynamical system. The construction of exponential attractors 6] is based on an property of the semi-group: the squeezing property. This last ensures the existence of inertial sets. The system that we are considering is @ t u " ? 4 u " ? 0 r(div u " ) + (u " :r)u " + 1 2 (div u " )u " + rp " = f:
(1.1) The equations that we are considering is the same as the one studied by Ghidaglia and Temam 11] , we recall here the boundary conditions and the notations they have introduced.
The boundary conditions
We study the problem (1.1)(1.2) in a bounded regular and connected two dimensional domain with several types of boundary condition on ? = @ . Three cases of boundary conditions are considered.
The rst is the Dirichlet boundary condition corresponding to non-slip condition u " (x; t) = 0; (x; t) 2 ? 0; 1 :
The second is the free surface condition u " (x; t):n = 0; (x; t) 2 ? 0; 1 curl u " (x; t) = 0 (x; t) 2 ? 0; 1 ; (2.2) where n is the exterior normal and curl the operator curl u = @u 2 @x 1 ? @u 1 @x 2 :
At last the third possible boundary condition is the case where is the square ]0; L 2 , the variables u " and p " are -periodic and Z u " (x; t)dx = 0; t 0:
Notations
We resume below, the notations and results introduced in 11], we denote by L 2 ( ), H m ( ) the classical Sobolev spaces. In the case of Dirichlet boundary condition (2.1), we note H 1 0 ( ) the subspace of H 1 ( ) of functions whose the trace on ? vanishes. In the case of free boundary condition, the space H 1 n ( ) of functions v is a subspace of H 1 ( ) = H 1 ( ) 2 The constant c 1 ::c 4 are introduced in the proof and depend only on the shape of . From this estimate, we immediately deduce the corollary 1.
Absorbing sets in V H 1 ( )
We can obtain more smoothness on the solution thanks to the following formal estimates, which could be justi ed on Galerkin approximation.
By scalar product of (2.11) with Au " , one gets To obtain an upper-bound of the nonlinear term of (3.9), we apply the lemma 3 (2. Proof: in order to obtain such an estimate, we go back to the energy estimate (3.10), then, the corollary 2 follows, as usual, from an integration in time from s to t.
Absorbing sets in D(
n ( ) of the solution is based on Galerkin approximations. The formal estimates are the following.
As previously said, we assume that the right hand side, f, belongs to D(A) de ned in case (2.2). By scalar product of A(2.11) with Au " , one gets 4p " Au " :n d :
The boundary term vanishes in all cases, thus,
(3.13)
We start by estimating the nonlinear term according to (2. (3.14)
The global estimate in D(A) _ H 2 n ( ) follows by integration, from this one deduces the existence of a strong solution.
The asymptotic estimates of the solution is sumerized in the Proposition 4 For f verifying f j? :n = 0 in cases (2.1) and (2.2), for " " 0 and for initial 
The proof, technical is presented in section 6.1 and follows the same idea as the precedent proofs.
Exponential attractors
Before discussing the main result of this article, the existence of exponential attractors, we recall what is known about the long time behavior of the solutions of ( where h is the pseudo-distance of Haussdorf. The exponential attractors, as the global attractor, are related to their set of initial data Y .
One says that an exponential attractor is of E 0 ? E 0 type when the topology E 0 is the same on X as in Y and of E 0 ? E 2 type when the topology E 0 de ned on X is not the one of the topology E 2 de ned on Y.
Here we establish the existence of an exponential attractor E 0 ?E 2 which is a weaker result than E 0 ? E 0 since an exponential attractor E 0 ? E 2 is constructed only from smooth initial data (E 2 ) and not from the whole trajectories. 
For the problem discussed in this paper, S is the semi-group S " (t)(u 0 ; p 0 ) = (u " (t);
and P N is the projection on the N rst eigenfunctions of the operator A (2.14) with eigenvalues n ( )) with an upper bound of the fractal dimension which is independent of " in the variable u " and p "p " = q " , for " " 0 xed. Also the rate of convergence to the exponential attractors is uniform in ".
The existence of exponential attractors is a new result for this problem, besides, the bound of the fractal dimension independent of " for the exponential attractors and then for the global attractor in velocity constitutes also a new result.
Proof : To establish the squeezing property; we proceed by a decomposition of the di erence of two solutions stemmed from two di erent initial data.
We note (u " ; p " ) the di erence of two solutions (u " 1 ; p " 1 ) and (u " 2 ; p " 2 ) with (u " ; p " ) jt=0 = (u 0 ; p 0 ).
Then we decompose the map t ! (u " (t); p " (t)) as follows :
(u " (t); p " (t)) = The di erent constants, appearing in these expressions, depend only on the shape of and . From the lemma 6 follow the squeezing property as we show it below. Furthemore, the nondependence in " of the functions d and h ensures the existence of an upper bound of the fractal dimension of the exponential attractors described by u " and p "p " , which is independent of ".
We recall this last step of the proof, now classical, since the proof does not depend on the considered semi-group.
To show that the semi-group S " (t) involves the squeezing property, we generalize the technique In the sequel, we note P N the projection on the space generated by the N rst eigenfunctions an upper-bound uniform in " and with an exponential rate of convergence which is also uniform in ", in the variable (u " ; p "p " ) for the problem (2.11) (2.12). Thus, it is legitime to investigate on the continuity of exponential attractors of (2.11) (2.12) to the one of the Navier-Stokes equations The following lemma will be useful in the sequel : Lemma (v(t); q(t)) = (u(t); p(t)) ? (u " (t); p " (t))
where (u(t); p(t)) is the solution at time t of the Navier-Stokes equations (1.3) with u 0 as initial condition. And (u " (t); p " (t)) = S " (t)(u 0 ; p 0 ) with S " the semi-group related to the problem After that, one chooses " 1 ( ) < " 0 so that ( ( ))" 1 2 ;
(5.5)
since ( ( )) is bounded (see lemma 7).
According to (5.4), for all " " 1 , there exists (U " ; p " P " ) 2 M " such that j(u " ( ); p " p " ( )) ? (U " ; p " P " )j 2 :
Furthemore, (5.3) with (5.5) can be written as j(u " ( ); p " p " ( )) ? (u( ); p " p( ))j 2 :
From (5.6) and (5.7), one has shown that, for all u 2 M 0 \ S 0 ( )B, there exists " 1 > 0, for all " < " 1 , there exists (U " ; p "P " ) 2 M " such that j(U " ; p " P " ) ? (u; p " p)j :
In particular, one has dt j 4 p " j 2 j(Af; Au " )j + j(A B(u " ; u " ); Au " )j (6.1) From this estimate, it is not allowed to conclude on account of the lack of damping on j 4 p " j.
Following the idea of 11], we introduce the function E 2 de ned by E 2 (u " ; p " ) = jAu " j 2 + 2 "(u " ; Arp " ) + "(1 + " )(1 + ) 2 j 4 p " j 2 where is an arbitrary coe cient that we will be chosen after. We look for an estimate on E 2 with u " ; p " solution of (1.1) (1.2), and we suppose that the result of proposition 2 and proposition 3 are ful lled.
Furthermore, in order to simplify the computations, we translate in time the solution (u " ; p "p " ) so that the new initial data (u 0 ; p "p 0 ) belong to the absorbing set of V H 1 ( ) (see proposition 3). Of course, this new initial data belong to D(A) _ H 2 n ( ) uniformly in " thanks to the local estimate (3.14).
The function E 2 veri es Remark that the term (") is bounded according to proposition 2 and proposition 3. Thus, an upper bound of (") depends only on " 0 but not on ", for " " 0 .
As jAu " j 2 kAu " kku " k 2 kAu " k 2 + The proof of this lemma is easy and is deduced from the majoration 2 "(u " ; Arp " ) = ?2 "(1 + )(u " ; r 4 p " ) = (1 + )(divu " ; 4p " ) ? ( The estimate (6.10) achieves the proof of the proposition 4.
Proof of lemma 6
We start by estimating the simplest part of the lemma 6, the majoration (4.5).
From the system (4.3), one deduces the following energy equality in H L 2 ( ) Remark that the term a does not depend on " 0 for " 0 small enough. ju 1 (t)j 2 + "jp 1 j 2 6e ? 1 a t ju 0 j 2 + "jp 0 j 2 (6.18) This ends the rst part of the lemma 6. The second part of the proof, (the estimate (4.6)) is quite more technical. This proof is based on energy estmates; and to dominate some terms, we assume that trajectories u " 1 , u " 2 are for t = 0 already in the absorbing sets found in D(A) _ H 2 n ( ) (proposition 4). This is realised after a translation in time.
We derive by inner product of the system (4. These functions will be considered in L 1 (I R + ) which is justi ed according to the existences of absorbing sets. At last, we introduce the notations f 4 (t) = f 1;4 (t) + f 2;4 (t) g 2 (t) = f 3;2 (t) + f 4;2 (t) K 1 = sup t2I R + (g 1;1 (t) + g 3;1 (t)) K 2 = sup t2I R + (g 2;1 (t) + g 4;1 (t)) With these notations, the equation (6. where u " is the solution of the problem (1.1) tranlated in time so that (u " ; p " ) at time t = 0 belong to the absorbing sets de ned in propositon 2, propositon 3 and propositon 4. Proof : In order to establish the proposition 2, we follow the idea of J.M. Ghidaglia and R.
Temam 11], but we look, as precisely as possible, at the dependence in " in the di erent terms.
We use the same technique to let appear a term of damping on the pressure and we control the dependence in " by choosing " " 0 , where " is arbitrary xed. We introduce the function E 0 de ned by E 0 (u " ; p " ) = ju " j 2 + 2 "(rp " ; u " ) + "(1 + " )jp " j 2
for an arbitrary constant which will be chosen after.
We give an energy estimate veri ed by E 0 as we did in section 6.2 (6.17) 1 2 d dt E 0 + ku " k 2 + (u " ; r(divu " )) + "krp " k 2 j(f; u " )j + "j(f ? B(u; u); rp " ) j:
We use, the majoration given in the lemma 9, and the following one kB(v; v)k c 4 In fact this relation is always veri ed since, according to (7.4) ? 2 We introduce the functional E 1 de ned by E 1 (u " ; p " ) = ku " k 2 + 2 "(u " ; rp " ) + "(1 + " )(1 + )jrp " j 2 (7.13) where is an arbitrary constant which will be chosen after.
In order to obtain an energy estimate on E 1 , we take the scalar product of (1.1) with rp " d dt u " ; rp " + (Au " ; rp " ) + b(u " ; u " ; rp " ) + jrp " j 2 = (f; rp " ) (7.14) dt (u " ; rp " ) ? 1 " jdiv u " j 2 : (7.15) With (3.2), equations (7.14) and (7.15) implies d dt (u " ; rp " ) + (1 + ) 2 " d dt jrp " j 2 + b(u " ; u " ; rp " ) + jrp " j 2 = (f; rp " ) + 1 " jdiv u " j 2 (7. 16)
The energy estimate on E 1 follows by adding (3.9) and "(7:16) d dt E 1 + jAu " j 2 + "jrp " j 2 j(f; Au " )j + "(f; rp " ) + jdiv u " j 2 +jb(u " ; u " ; Au " )j + "jb(u " ; u " ; rp " )j:
(7.17)
We are now interested in estimating the right hand side of (7.17), one has jdiv u " j 2 2ku " k 2 ; j(f; Au " )j 6 jAu " j 2 + 3jfj 2 2 ;
and applying the inequality (2.19) of lemma 3, one gets jb(u " ; u " ; Au " )j C 0 ju " j 1 2 ku " kjAu " j 3 2 6 jAu " j 2 + 27C 4 0 8 3 ju " j 2 ku " k 4 :
For the term containing p " , the relation of (2.20) lemma 3 gives "jb(u " ; u " ; rp " )j "C 0 ju " j 1 2 ku " kjAu " j 1 2 jrp " j 6 jAu " j 2 + 2 " 2 jrp " j 2 + C 0 0 ju " j 2 ku " k 4 ;
and "j(f; rp " )j 1 2 "jrp " j 2 + 1 2 "jfj 2 :
Thus, estimate (7.17) becomes d dt E 1 + jAu " j 2 + "jrp " j 2 2 2 " 2 jrp " j 2 +4 ku " k 2 + C 00 0 3 ju " j 2 ku " k 4 + 3 + " jfj 2 : (7.18) Now, using the fact that ku " k 2 = (Au " ; u " ) ju " jjAu " j, one has 2 jAu " j 2 ku " k 2 ? ju " j 2 (7.27) Then, (7.27) proves the proposition 3.
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